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Abstract: Torque ripple is a major problem for permanent-magnet (PM) machines. It is examined by focusing on the
magnetic circuit of the PM machine. Because there is a relationship between the torque ripple and the magnetic energy
that is stored in the magnetic field along the air gap of the PM machine, a variation in the magnetic energy was revealed
initially. A new magnet geometry is obtained by forming ledges and notches in the permanent magnets to modify the
variation of the magnetic energy and the fluctuation in torque. Thus, a new PM design is proposed in this study to
minimize the torque ripple of an outer-rotor surface-mounted PM machine. An improvement of 44.6% in the torque
ripple is achieved thanks to the new magnet design. In addition, improvements are made in the average torque and the
total harmonic distortion of the back electromotive force.
Key words: Magnet, torque, minimization, finite element analysis, permanent magnet machine

1. Introduction
Permanent-magnet synchronous machines (PMSMs) are highly eﬃcient and have high torque density, high
winding factors, and relatively small copper losses. However, surface-mounted permanent-magnet (SPM)
machines suﬀer from high torque ripple, cogging torque, and large unbalanced magnetic forces. The rotor
contains a notch to help minimize the cogging torque, and also because a notch is most easily applied to an
interior permanent-magnet (IPM) motor [1].
Modified rotor surfaces (e.g., conventional round, slightly cut, and smoothed cut shapes) have been shown
to reduce the torque ripple of IPMSMs [2]. A partly enlarged air gap formed by the unequal outside diameter
of the rotor and cutting of the stator core was introduced in IPM brushless DC (IPM BLDC) motors [3].
A PMSM with a bread-shaped magnet was proposed to minimize the torque ripple [4]. The eﬀectiveness of
skewing on torque-ripple reduction depends largely on the axial variation of the torque ripple [5]. A sinusoidal
pulse-width-modulation (SPWM) shaped magnet on the SPM motor was designed by maximizing the output
torque and eﬃciency [6]. Magnet shifting was used to improve the torque, and the rotor-pole outer surface was
shaped to reduce the cogging torque of an IPM BLDC motor [7]. It was shown that skewing the stator slot
opening distributes the eﬀects of the interaction between the PM edge and the slot opening during rotation of
the slot pitch [8]. The design trade-oﬀ between the open-circuit cogging torque and the on-load torque ripple
was investigated by considering the design of the slot opening [9]. It was shown that the slot/pole combination
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has a great eﬀect on the cogging torque and influences the optimal value of both the skew angle and the magnet
arc, as well as determining the optimal number of auxiliary teeth/slots [10]. The armature and field functions
were introduced and Fourier-transformed to see which of their harmonic components were responsible for the
cogging torque in a BLPM motor [11]. A new air-gap profile was defined by a dip and a dip angle for a singlephase PM BLDC motor to reduce the cogging torque [12]. It was shown that the sixth harmonic could be
eliminated by adjusting the teeth widths to reduce this harmonic in a tooth-coil-winding PMSM [13]. A new
tooth geometry was proposed by drilling holes in the stator teeth to modify the magnetic energy variation and
the torque fluctuation [14].
The above studies can be classified according to which part of the machine was modified to reduce the
torque ripple and/or the cogging torque. They focused on the rotor core alone [1,2], both the rotor and stator
cores [3], the magnet [4–6], both the rotor core and magnet [7], the slot [8,9], both the slot and the magnet
[10,11], or the teeth [12–14].
The present study focuses exclusively on the magnet to overcome the torque ripple. If the PM is modified
by using parts of a ledge and a notch, satisfactory improvement in torque ripple is achieved. Redesigning the
magnet with a ledge and a notch to reduce the waviness of the torque is the novel aspect of this study.
2. Torque production of the PMSM
Torque production in a PMSM is due to the mutual coupling between a permanent magnet and an exciting
stator coil. For the magnetic circuit of a PMSM, the coenergy stored in the magnetic field is
Wc =

1 2 1
Li + (R + Rm ) ϕ2m + N iϕm ,
2
2

(1)

where L is the inductance of the coil and R and Rm are the reluctances due to the excited coil and the magnet,
respectively. Additionally, φm is the magnet flux linking the coil and N is the number of turns of the coil [15].
The change of coenergy with rotor angle gives the machine’s torque characteristic. As shown below, the
torque can be derived by diﬀerentiating the coenergy with respect to rotor angle:
T =

∂Wc
∂θ

.

(2)

i=cons tan t

By substituting Eq. (1) into Eq. (2), the torque can be calculated as:
T =

1 2 dL 1 2 dR
dϕ
i
− ϕ
+ Ni .
2 dθ
2 dθ
dθ

(3)

The first two terms in Eq. (3) are the reluctance torques associated with the coil and the magnet, respectively.
The first term always acts to increase the inductance or permeance and acts to decrease the reluctance. The
second term is proportional to the square of the magnet flux; the minus sign is because inductance is inversely
proportional to reluctance. Furthermore, the second term is known as the cogging torque that appears whenever
magnet flux travels through a varying reluctance [15]:
1 dRt
,
Tcog = − ϕ2g
2
dθ
where φg is the magnet flux crossing the air gap and Rt is the total reluctance.
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Undesired torque ripple is caused by the cogging torque due to the reluctance with respect to rotor angle,
and also the first component of the torque in Eq. (3) due to the inductance with respect to rotor angle. Torque
ripple is actually composed of the reluctance of the magnetic circuit generated by the excited winding. The
intention is to resolve the torque ripple by changing the reluctance regardless of the magnetic field created by
the magnet or coil. If an appropriate reluctance change can be achieved in the magnetic circuit, it should be
possible to reduce the torque ripple.
The cogging torque is also computed at each rotor position using the Maxwell stress tensor on the surface
of the rotor:
∫
lstk
Tcog =
rg Bn Bt · dS,
(5)
g · µ0
S

where g is the air-gap thickness, lstk is the rotor length, rg is the radius of the air-gap center, and Bn and
Bt are the air-gap normal and tangential flux densities, respectively. The product of the tangential and normal
components of the magnetic flux density is known as the torque factor, Tf actor :
Tf actor = Bn · Bt .

(6)

The torque factor determines the torque characteristic and so it will be used in the following investigation.
3. Finite element simulation and reference performance parameters
The geometry of the outer-rotor surface-mounted permanent-magnet (OR-SPM) machine under investigation
is shown in Figure 1, and its dimensions and performance values are given in Table 1. This OR-SPM machine
will be referred to as the reference design (RD).

Figure 1. OR-SPM machine with 24 slots and 16 poles.

All the analyses were performed by creating a two-dimensional finite element model of the OR-SPM. From
the simulation, the important torque values, the total harmonic distortion (THD) of the back-electromotive force
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Table 1. Reference parameters of the OR-SPM machine.

Parameter
Inner & outer diameter of rotor
Inner & outer diameter of stator
Height of rotor & stator (hr , hs )
Stack length
Embrace of magnet (Em )
Oﬀset of magnet (Om )
Thickness of magnet (Tm )
Slot opening height & width (hs0 , bs0 )
Slot body height & bottom width
Slot wedge width
Slot and pole number
Rated output power
Rated voltage
Rated speed
Material of steel
Material of magnet

Value
92–120 mm
26–91 mm
14–32.5 mm
65 mm
0.9
0 mm
7 mm
0.5–2.5 mm
9.48–2.5 mm
5 mm
24s, 16p
0.55 kW
220 V
1500 rpm
M19-24G
XG196/96

(EMF), and the total magnet weight (wtmag ) are given in Table 2. These values will be taken as the reference
performance values.
Table 2. Reference torque performance and THD of back-EMF values for RD.

Model
RD

Tavg
(Nm)
12.50

Trip
(%)
5.17

Tcpp
(Nm)
7.71

THD
(%)
1.63

wtmag
(kg × 10−3 )
993.4

The torque quantities are the average torque (Tavg ), the torque ripple (Trip ) , and the peak-to-peak
cogging torque (Tcpp ). The ripple factor for the torque quantity is calculated as:
Trip =

Trms
× 100%,
Tavg

(7)

where Trms and Tavg are the root mean square and the average value, respectively, of the instantaneous torque.
The cogging torque is calculated as a function of the rotor angle under no-load conditions. In that case, only
the permanent magnets are in operation for this type of simulation and the stator winding excitation is not in
operation.
The improvement in torque behavior was investigated by varying the geometry of the PM. The average
value of the torque of the OR-SPM machine is expected to be large and the torque ripple is expected to be
small.
4. Eﬀect of the permanent magnet on energy change
The distribution of magnetic flux density [1–3,13] and the variation in magnetic energy [11,13] are used to reveal
the formation of torque ripple or cogging torque. In order to understand the torque behavior in the OR-SPM
machine, the variation in energy that is stored in the magnetic field along the air gap of the machine should
be examined. Moreover, it would be useful to establish relationships between these energy changes and the
geometry of the machine. A 45 ◦ cross-sectional view of the OR-SPM is given in Figure 2.
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The relationship between the variation in the coenergy and the position of the magnet on the rotor is
shown in Figure 3a. In addition, the relationship between the torque factor and the magnet position is shown
in Figure 3b. These two curves occur jointly with the rotation of the north–south (N–S) magnet pair. Thus,
the pitch angle of the magnet is 22.5 ◦ and the curves vary in the opposite direction at 22.5 ◦ .

Figure 2. Cross-sectional view of the OR-SPM machine with RD.

As shown in Figure 3a, a significant amount of energy change occurs when the magnet is closer to the
slot and is moving away from it. This is usually due to a high variation in the reluctance during the rotation of
the rotor. The torque that is dependent on variation in the energy is aﬀected significantly in the slot opening
and the tooth shoe regions. Thus, the torque variation includes the ripples.

(a)

(b)

Figure 3. Variation in (a) the coenergy and (b) the torque factor along the air gap with the slot-tooth geometry.

There are special magnet positions according to the slot–tooth pairing when the cogging torque is taken
into account (Figure 4). These special positions of the magnet are numbered in the range of 1–9. Four of those
positions are shown in Figures 5 and 6. These special magnet positions are such that a magnet is aligned with
4385
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a slot (MaS), a magnet is aligned with a tooth (MaT), a pair of N–S magnets are unaligned with a slot (MuS),
and a pair of N–S magnets are unaligned with a tooth (MuT).

Figure 4. Cogging torque with pattern 1 (P1) and pattern 2 (P2).

The positive and negative torques (Figure 4) correspond to patterned regions 1 and 2 (Figures 5 and
6), respectively. In positions 1 and 5, the S magnet is in the MaS position and the N magnet is in the MaT
position (Figures 5 and 6). The magnet in the MaT position reaches the middle of a tooth, and the magnet
in the MaT position reaches the slot opening (positions 3 and 7) through patterned region 1. Meanwhile, the
cogging torque takes its maximum value and then becomes zero (positions 3 and 7).

(a)

(b)

Figure 5. Magnet position 1 with P1 (a) and 3 with P2 (b) for the first period of the cogging torque.

In positions 3 and 7, the N and S magnets are in the MuS and MuT positions, respectively (Figures 5
and 6). The magnet in the MuT position passes through patterned region 1 (the tooth), and the magnet in the
MuS position passes through patterned region 2 (the slot) (positions 5 and 9). Meanwhile, the cogging torque
takes its minimum value and then becomes zero (positions 5 and 9).
There are six cogging periods through the rotation of 45 ◦ . The fourth period that corresponds to 22.5 ◦
is the beginning of the second half of the 45 ◦ rotation. When the S magnet that is located in position 1 rotates
by the pitch angle of the magnet, it is displaced by the N magnet. Thus, magnet position 13, located at the
beginning of the fourth period, is obtained (Figure 7).
The N–S magnet pair passes through both patterned regions 1 and 2. If the magnet geometry is modified,
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(a)

(b)

Figure 6. Magnet position 5 with P1 (a) and 7 with P2 (b) for the second period of the cogging torque.

Figure 7. Magnet position 13 with P1 for the fourth period of the cogging torque.

the reluctance of the magnetic circuit that corresponds to both patterned regions 1 and 2 will be changed. Thus,
the coenergy and the torque factor will vary depending on the replacement of the N and S magnets.

5. Trial magnet designs for reducing torque ripple
In order to obtain a similar eﬀect to that of shifting the magnet and modifying such features as the magnet
arc width, ledges and notches in the magnets of the SPM machine are considered here in order to modify the
variation in magnetic energy.
A ledge is inscribed in each of the PM tips in order to reduce the reluctance of the special magnet
positions. The ledge is formed with a circular geometry that has a radius of 1 mm. The size of the circular
ledge is currently unimportant. It will be optimized later by seeking the most appropriate values. The ledge
parts are placed in the magnets in four diﬀerent ways. The SPM machines with four ledged magnet combinations
are shown in Figure 8a.
The average torque and torque ripple for the OR-SPM machine with ledged magnets are given in Table 3.
All SPM machines with ledged magnets have a higher torque ripple compared with the RD of the SPM machine.
None of the magnet designs provide an improved torque ripple.
The next stage is to inscribe a notch in each of the PM tips in order to reduce the reluctance of the
special magnet positions. The notch is similar to the ledge in terms of its shape and size. Each magnet contains
both a ledge and a notch (Figure 8b).
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ÖZOĞLU/Turk J Elec Eng & Comp Sci

(a)

(b)

Figure 8. Four magnet designs with (a) a ledge and (b) a ledge and notch.
Table 3. Torque performances for SPM machine with ledged magnet.

Design
Tavg (Nm)
Trip (%)

1
13.28
7.45

2
11.82
8.16

3
12.42
8.20

4
12.56
7.78

The average torque and torque ripple for the OR-SPM machine with ledged and notched magnets are given
in Table 4. Of the various magnet designs, the one named “magnet design 5” provides improved torque ripple
and average torque compared with the RD of the SPM machine. The ledge/notch combination corresponding
to magnet design 5 provides the expected improvement. Hence, the OR-SPM machine with magnet design 5 is
used as the base design for the next stage of the investigation.
Table 4. Torque performances for SPM machine with ledged and notched magnet.

Design
Tavg (Nm)
Trip (%)

5
13.79
3.63

6
10.45
5.35

7
11.92
15.37

8
12.34
13.26

6. New magnet design based on ledge and notch
In Section 5, both the ledge and the notch parts were formed by using a roughly circular geometry. New
ledge and notch parts that were based on the base design but with a triangular geometry were inscribed in the
PM tips. The new ledge and notch parts are shown in Figure 9. Their associated parameters are the ledge
angle/angular length (th le ), the ledge height ( hle ), the notch angle/angular length (th no ) , and the notch height
(hno ).
The variations in the average torque and the torque ripple are investigated by using the four parameters
that correspond to the ledge and the notch parts. The ledge and notch parameter ranges are taken as 0 ≤
th le ≤ 1 ◦ , 0 ≤ hle ≤ 3 mm, 0 ≤ th no ≤ 3 ◦ , and 0 ≤ hno ≤ 3 mm. Thus, a total of 864 analyses are carried out
to find the optimal ledge and notch parameters. The obtained results are shown in two and three dimensions.
Three parameters (the ledge height, the notch angle/angular length, and the notch height) are varied for each
(constant) ledge angle. The obtained torque value is shown as a sphere, the radius of which is the torque value
and the color of which is sorted according to torque value in the three-dimensional graph. In other words, both
the radius and the color of the sphere show the magnitude of the torque ripple.
The torque ripples that correspond to the 0.5 ◦ –3.0 ◦ notch-angle range are shown in Figures 10a–10d
and 11a and 11b. Because the torque ripple is 5.17% for the OR-SPM RD, parameter combinations that are
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Figure 9. Inscribed ledge and notch parts in the permanent-magnet tip.

associated with values below that reference value are particularly useful. In 0.5 ◦ steps from 0.5 ◦ to 3.0 ◦ , the
torque ripple decreased to 4.12%, 3.8%, 3.52%, 2.98%, 2.86%, and 3.16%, respectively. Thus, the notch angles
of 2.0 ◦ and 2.5 ◦ (Figures 10d and 11a) are the best values of the ledge/notch combinations. Figures 10d and
11a are given as two-dimensional graphs in Figures 12 and 13, respectively, in order to view the ledge and notch
parameters in detail. Shapes with dashed lines in Figures 12 and 13 correspond to the torque ripple values that
remain below 3%.
7. OR-SPM machine with new magnet design based on ledge and notch
The ledge and notch parameters that correspond to the lowest five ripple values are given in Table 5. The
average and the cogging torque values and the THD of the back-EMF are also given in Table 5, although they
were not given in any of the graphs. The average torque was also obtained for all ledge and notch parameters.
The average torque values that correspond to the lowest torque ripple are given only in Table 5, according to
which the torque ripple is reduced by 44.6% and the average torque is increased by 3.6%. Hence, a significant
reduction was achieved in the torque ripple, but only a small increment in the average torque. No remarkable
change in the total magnet weight has been achieved for the proposed model.
Table 5. Machine performance for the ledge and notch parameters.

Model
1
OD1
2
OD2
3

thno
(◦ )
2
2
2.5
2.5
2.5

hno
(mm)
0.5
0.5
0.5
0.5
0.5

thle
(◦ )
0.2
0.2
0.5
0.5
0.7

hle
(mm)
2.5
3.0
1.0
1.5
1.0

Tavg
(Nm)
12.87
12.90
12.81
12.89
12.89

∆Tavg
(%)
3.4
3.6
2.9
3.5
3.5

Trip
(%)
2.98
2.98
2.88
2.86
2.88

∆Trip
(%)
–42.3
–42.3
–44.3
–44.6
–44.4

Tcpp
(Nm)
7.69
7.70
7.31
7.29
7.23

∆Tcpp
(%)
–0.3
–0.1
–5.2
–5.4
–6.2

THD
(%)
1.47
1.48
1.45
1.47
1.47

∆THD
(%)
–9.8
–9.2
–11.0
–9.8
–9.8

wtmag
(kg × 10−3 )
992.0
992.2
991.0
991.8
991.7

The two ledge and notch combinations that give the smallest torque ripple are selected as the two optimal
models. The respective OR-SPM machines are referred to as optimal design 1 (OD1) and optimal design 2
(OD2). A 5.4% reduction in cogging torque and a 9.8% reduction in THD were achieved with model OD2. The
OD1 and OD2 models of the OR-SPM with the ledge and notch geometries are also shown in Figure 14. The
OD2 model appears to be more advantageous, taking into account all the parameters.
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(a)

(c)

(b)

(d)

Figure 10. Variation in torque ripple for (a) th no = 0.5 ◦ , (b) th no = 1.0 ◦ , (c) th no = 1.5 ◦ , (d) th no = 2.0 ◦ .

The variations in the coenergy and the torque factor are given in Figure 15 for RD, OD1, and OD2. The
variation in the coenergy has been changed in the middle of both the tooth and the slot opening, and in the
tooth shoe region. These regions correspond to patterned regions 1 and 2 that were shown in Figures 5 and
6. The variation in the torque factor helps to reduce the torque ripple. Both curves expand horizontally and
shrink vertically in this region in which the magnets are displaced.

8. The eﬀect of the proposed model with diﬀerent magnet dimensions
It has also been investigated whether the proposed ledge–notch combination (OD2) provides any advantages
for diﬀerent magnet dimensions. For this reason, the variations in the torque values are revealed for both the
4390
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(a)

(b)

Figure 11. Variation in torque ripple for (a) th no = 2.5 ◦ , (b) th no = 3.0 ◦ .

(a)

(b)

(c)

Figure 12. Variation in torque ripple by (a) ledge angle and height, (b) ledge height and notch height, and (c) ledge
angle and notch height for th no = 2.0 ◦ .
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(a)

(b)

(c)
Figure 13. Variation in torque ripple by (a) ledge angle and height, (b) ledge height and notch height, and (c) ledge
angle and notch height for th no = 2.5 ◦ .

magnet embrace ( Em ) and the magnet thickness ( Tm ) (Figure 16). The trend of change of these curves is
similar for both RD and OD2. However, a slightly increased average torque and a significantly reduced torque
ripple are achieved thanks to the proposed ledge–notch combination compared with the RD. The improvements
in average torque and torque ripple are in the range of 2.6%–4.3% and 31.9%–45.1%, respectively.
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(a)

(b)

Figure 14. Ledge and notch locations for OR-SPM machine with (a) OD1 and (b) OD2.

(a)

(b)

Figure 15. Coenergy variation (a) and torque factor variation (b) for RD, OD1, and OD2.

9. Demagnetization analysis of the proposed model
Two-stage analysis, which is carried out synchronously, is used to determine demagnetizing characteristics based
on the worst operating point element by element during the entire transient process. The nominal voltage is
used in the second stage, whereas a zero voltage is used in the first stage (Figure 17). The currents in the first
stage are about three times the currents in the second stage for all models. The demagnetization B–H curve of
the PM is shown in Figure 18; the coercive force Hc and the remanent magnetic flux density Br are 690 kA/m
and 0.96 T, respectively. There is no obvious knee point due to the nature of the PM used in this study.
Nevertheless, the demagnetizing behavior of the PM under two diﬀerent operating conditions was revealed for
the proposed and the RD models.
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(a)

(b)

Figure 16. Variations in torque values with embrace (a) and thickness (b) of magnet for RD and OD2.

Figure 17. Phase currents for first and second stage.

If instantaneous changes in flux density in the PM are studied, the lowest values of the flux density are
obtained as in Figure 19. The fluctuation in the lowest flux distribution in the N-pole is very small. However,
a significant fluctuation occurs in the S-pole depending on the model in two stages, and the lowest value of flux
density decreases a lot at some point. While the lowest value of the flux density is 0.09 T in the RD in the first
stage, it takes the values of 0.19 T and 0.25 T in OD1 and OD2, respectively. These values are 0.22 T and 0.28 T
and 0.37 T in the second stage, respectively. Thanks to the proposed models, the lowest flux density value in
the PMs provides a significant improvement by comparison with the RD model in both operating conditions.
It is clear that the proposed models are advantageous to the RD in terms of the lowest flux density value.
Another criterion used to obtain the demagnetization characteristic of the models is the demagnetization
rate. The demagnetization ratio is calculating according to the following equation:
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Figure 18. B–H curve of PMs for OR-SPM models.

Figure 19. Variations in lowest value of flux density in the first and second stage.

D=

(
)
B2
1−
× 100%,
B1

(8)

where B1 and B2 are the values of the remanent magnetic flux density of the first and the second stage,
respectively.
The demagnetization rate, which gives the change in the second remanent flux density relative to the
first, is shown in Figure 20 as contour plots. The flux density inside both the N-pole and S-pole remains
approximately constant for all models. However, the remanent flux density at point a is decreased by about
50%, and the flux density value at point bis increased by about 30% in the S-pole for both the RD and the
OR1-2 models. There is not a significant diﬀerence between the proposed model and the RD in terms of the
demagnetization rates at two points. Moreover, no remarkable change in the demagnetization rate around the
notch in the proposed models is observed compared to the RD model.
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Figure 20. Contour plots of demagnetization ratio in PMs.

10. Conclusion
The reluctance of the magnetic circuit that corresponds to both patterned regions 1 and 2 was varied by
modifying the magnet geometry. New ledge and notch parts were formed in the magnet to obtain a new magnet
geometry. Thus, the variation in magnetic energy and the torque factor along the air gap were changed by
having a ledged and notched magnet. The eﬀects of the ledge and notch on the variation in magnetic energy
and torque ripple were investigated in detail. A 44.6% reduction in the torque ripple and a 9.8% reduction in
the THD of the back-EMF were achieved. In addition, there was a small improvement in the average torque
value with the new magnet geometry.
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